— LESSON Ne 4 —

THE DIFFERENTIAL OPERATORS d (-), D¢ (-) AND THE
PRINCIPLES OF DIFFERENTIATION

Le mérite de Georg Cantor est de hasarder dans le domaine de ’infini, sans craindre
la lutte intérieure ni extérieure, mon seulement avec les paradoxes imaginaires, les
préjugés largement répandus, les sentences des philosophes, mais aussi avec le parti
pris du nombre de grands mathématiciens. Ainsi il créa une nouvelle science, la théorie
des ensembles.

— FELIX HAUSDORFF (1927)

— OVERVIEW. Many important properties of a function of a variable are
found with the aid of a related function called the derivative of the func-
tion with respect to the variable. Therefore, knowledge of the derivation
of functions is clearly absolutely essential for further studies in so many
engineering disciplines. LESSON Ne¢ 4 introduces the definition and the
basic properties of the differential operators d (-), De (). This is followed
by a presentation of the principles of differentiation.

— KEY WORDS AND PHRASES. Awerage and ezact rates, differential
operators, derivative, geometric and physical meaning of the derivative,
derivatives of elementary functions, properties of the derivative

— LEARNING OUTCOMES. After doing ASSIGNMENT 1.1, the student will be
able to:

— 1. understand the notions of increment, difference, inexact and exact
differentials, differential quotient, differential operators d(-), D¢ (-) and
their fundamental properties,

— 11. perform basic differential operations using d(-), D¢ (+) to establish
average and exact rates, derivatives of elementary functions

— I11. explain the behaviors of functions through the differential operators
d(-), De (),
— 1v. use the differential operators d (-), D¢ () from first principles.
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— § 4.1. INTRODUCTION

The object of the DIFFERENTIAL CALCULUS is to compare with a change in
the argument of a function the corresponding change in the value of the function
or, as we may say, to measure the rate of change of a function, that is the average
change in value per unit change of argument. For a change in argument from &
to ¢ the value changes from ¢ (£) to ¢ (¢), and the ratio of the amount by which
5 -0y

50 -6(6)

the value changes to the amount of change in the argument is

each value of £, we can determine a number D¢ ¢ (), say, such that

differs from D¢ ¢ (£) by as little as we please for all values of ¢ sufficiently near to

€, the function ¢ (§) is said to be regular or differentiable, and D¢ ¢ (§) is called the

derivative of ¢ (§). Therefore, D¢ ¢ (§) records the rate at which ¢ (§) is changing
(2 g2

equal to & + & = 2¢, when ( is near to &, it follows that 2¢ is the derivative of &2.
Thus the greater the value of &, the faster does £? change its value. At the point
¢ =5 the function &2 is increasing 10 times as fast as its argument and at £ = 20, &2
is increasing 40 times as fast as its argument. Observe that in considering the ratio
(2 g2
we say that the derivative of £2 is 2£ because ( + £ is nearly equal to 2, the fact
that ¢ + £ actually equals 26 when ( equals £ is quite irrelevant, because the only
values of ( which we are considering are those near £ and different from it, and
(2 g2

¢-¢

We do not attempt to measure the rate of change of the value of functions as

its value at the point €. For instance, since = ( +¢ and since ¢ + £ is nearly

we are concerned with values of ¢ close to & but different from &. When

=(+¢ is equal to ¢+ & only so long as ¢ and £ are unequal.

¢ (&) for which % varies appreciably for small variations in (.

Another way in which we might express the condition that a function be regular
is to say that for small enough changes in the argument, changes in the value of
the function are nearly proportional to changes in the argument, that is, if (, n are

¢ () -¢ () . ¢-¢

points near £, then —*——-< is nearly equal to ¢
’r] -—

¢ (n) -9 (&)

The student who is familiar with coordinate geometry will recognize that the
condition for a function ¢ (&) to be regular is just that any sufficiently small part
of the curve ¢ = ¢ () is nearly a straight line. Any three points (£1,(1), (£2,(2),
G-C_&-¢
G@-C &-¢

. For a differentiable

(&3,(3) on a straight line satisfy the condition
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function ¢ (£), if the points lie on ¢ = ¢ (£), the ratio 2_1 _C is nearly equal to
) —
? _ ? provided & and & are both close to &.
Y —

— § 4.2. THE DIFFERENTIAL OPERATORS d (-), D¢ (+)

4.2.1. INCREMENTS. When a variable changes from & to £ + §£, the quantity
0& < 0 is said to express an algebraic decrease while 6 > 0 is said to express an
algebraic increase in £. In either situations, 6 is called an increment in the variable
& Let ( =¢(&), then (&,¢) forms a pair of independent and dependent variables.
When £ receives an increment d€, the increment §¢ = d¢ (§) will be determined.
The increments §¢ and 0¢ = d¢ (&) of £, ¢, respectively, thus correspond.

¢: Fap —R
& —0(8)

— DEFINITION 4.1 (Increments). Let be a function on

an interval #, ) ¢ R. Then:
— 1. 6§ =€ - (£+0€) is called the «increment of the variable &»,
— 1L 00 (&) = o (§+ &) — ¢ (§) is called the «increment of the function ¢».

¢ Jap —R

& —9(9)
defined on an interval #, 5 c R by ¢ (&) = a&? + B¢ + v, where (o, 3,7) € R3.

Calculate the increment of ¢.

— ILLUSTRATIVE EXAMPLE 4.2. Let be a function

SOLUTION. First assign the variable £ an increment 0¢. Then,

56(€) = ¢ (£+06) - (€)
(a(£+06)*+ B(E+88) +7) - (ag? + BE+7)

= (2a€ + B) 66 + adg?

which is a function of &, §§, and 6&2.

4.2.2. AVERAGE RATE OF CHANGE. Let ¢ = ¢ (&) be given. When an incre-
ment 6§ is assigned to the independant variable &, it produces a corresponding

)
increment §¢ = ¢ (£) in the dependant variable ¢. The ratio 5—? (&) describes the
average rate of change of ¢ with respect to § in the given interval .#(¢ . s¢).
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¢: Hap —R

£ p(e)

— DEFINITION 4.3 (Average Rate of Change). Let

a function on an interval .#, 3y ¢ R. Then, the ratio

¢ (§+08) -0 (§)

0§
is called the «average rate of change of the function ¢ with respect to the variable
§» in the given interval Z(¢ ¢.s¢) € H(a,8)-

(4.1) ﬁ—f (©) =

be a function

defined on an interval £, 5 c R by ¢ (&) = a&? + B¢ + v, where (o, 3,7) € R3.
Calculate the average rate of change of ¢ with respect to &.

— ILLUSTRATIVE EXAMPLE 4.4. Let

SOLUTION. Since

0 _ 9645 -0 (8)
€ € = 5¢
_ (2064 5255 + 0 (9ng+ B) + ade
then (;_? (&) = (2a€ + ) + ad&, which is a function of £ and €.

4.2.3. ORDER OF INFINITESIMALS. The increment of the independent variable
and of the function, when used in the process of differentiation, are infinitesimals.

— DEFINITION 4.5 (Infinitesimal). Any increment §¢ of a variable quantity
¢ € R which approaches zero as a limit,

(4.2) 5 >0

is called an «infinitely small quantity», or simply an «infinitesimaly.

An important idea in the use of infinitesimals is that of their orders.

Hap —R
& — (&)

be any another function but of 1, and

— DEFINITION 4.6 (Order of Infinitesimals). Let e be

~ ¢: Sap —R
any function of &, ’
Y J n —o(n)
suppose both functions be infinitesimals. Then:

— 1. if linol(gZS ° 77) (§) = K, then 7, ¢ are said to be of the «same order»,
n=0\ 7
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— 1r. if lim((/5 ° 77) (£) =0, then ¢ is said to be of a «higher order» than 7,

n—0 n

— 1. if i 0(¢ ° 77) (€) = K, then ¢ is said to be of the «n'* order» with respect to
n—> n"
,

where k € R has a finite value not zero.

Suppose 1 (€), (¢pon) (&) are such that liné( (&) = k, where k € R has
n—)

a finite value not zero, then (¢pon) (&) = (kn)(§) + d(n), where lir%é(n) = 0.
T]"
Consequently,

¢pon
n

hm(don)(f) :lin%(¢on)(§) -k=0
n = Ui

n—0

Thus, § (£) is an infinitesimal of higher order that 7 (£).

4.2.4. DERIVATIVE OPERATORS. In the present subsection we shall define the
derivative operator Dg¢ (-) and the differential operator d(-) as well as their oper-
ations on functions. That is, if ¢ (£) is a function defined on 7, g, we shall give
a precise meaning to the corresponding symbols D¢ ¢ (§) and d ¢ (§).

¢ f(a,ﬁ% : ]}E(S) be a function on an interval #(, ) c R. Let §, €

Ha,p) be a point of £, 3. Consider the difference quotient 0 &+ h})L_ ¢ (&)

(h € R*) where & + h € F(q ). If there exists a real number D¢ ¢ (&) such that
+h) -

¢(€0 })L ¢(§0)—D€¢(§0) <e

whenever 0 < |h| < 0, then ¢ (&) is said to have a «derivative» at & € Fq,p) or is

¢ (&o+h) - ¢ (%)
h

Let

given an ¢ € R* | there exists a § (¢) € R% such that

is called its

«differentiable» at & € Hq gy, and D¢ ¢ (&) = }Lir%

derivative.

— DEFINITION 4.7 (Derivative Operator). The operator

e O E+R) =) (©)
(4.3) De () (§) = lim .

is called the «derivative operator» with respect to the independent variable &.

— POSTULATE 4.8 (Derivative Operator). The derivative operator De (+) (€) =
L OE) -0 ©

h—0 h

satisfies the following properties:
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— ApDITIVITY: D¢ (- +-) (€) = D¢ () (€) + De () (€)

— HOMOGENEITY: D¢ () (k€) = kD¢ (+) (€)

for any (&) € (a By

— DEFINITION 4.9 (Derivative). Let 00 Hap) :]}j(é) be a function

defined on F, 5 c R. If o+ h})L —0(©) approaches a limit denoted by D¢ ¢ (§)

as h approaches zero, then the limiting value D¢ ¢ (£) is called the «derivative of
¢ (&) with respect to &»:

) D6 €)= i PET 0O

— ILLUSTRATIVE EXAMPLE 4.10. Let ¢: j(o"ﬁ) —R be a function
§ — ()

defined on an interval #, 3 c R by ¢ (§) = &pr, where v € R. Find the derivative
of ¢ (&) with respect to .

SOLUTION. Since

P(E+h)-9(&) _ E+h+y&+7

h E+h ¢
(+h+7)E-(E+7)(E+h) v
(E+h)¢ (E+h)¢

then D¢ ¢ (€) = - which is a function of &.

. Y Y
1 - ——
ho0 (E+h)e &
— DEFINITION 4.11 (Rz‘ght, Left-Hand Dem’vatz’ves). Let ¢ j[a’ﬁg : f({)

be a function on a closed interval .#, 5 ¢ R. Then:

¢(a+h) ¢ (@)

— 1L Deg(a) = h is called the «right-hand derivative» at £ = «,

— 1. Do (B) = hm

¢(5) 2(5 h) is called the «left-hand derivative» at £ = .
¢: Hap —R

§ —o(¢ )
a function defined on an interval .#(, gy. If ¢ has a differential coefficient for all
values of £ € S, gy, then D¢ ¢ (§) exists for every value £ € #, g), and is called the
1%t derived function» of ¢ ().

— DEFINITION 4.12 (1%¢ Derived Function). Let
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A function may be continuous without being differentiable. That is, the mere
fact that ¢ is continuous at £ does not imply that the derivative D¢ ¢ (€) exists,

¢(E+h)-9(8)
differentiability does imply continuity.

— THEOREM 4.13. If a function 0 tﬂ(a’ﬁé : f(f) is differentiable at a

that is, the quotient may not approach any limit as h — 0. Nut

particular point, then it is continuous at that point.

¢ Fap —R

be a function that is differentiable

— ¢ (&)
as a particular point £ = &y. If £ # &, let ¢ () = M (6-&)+¢(&). Using

the rules for limits of products and sums, it follows that hm ®(&) =Dep (&) x0+
(&) = ¢ (&). The proof of the theorem is, therefore, complete Q.E.D.

— PROOF. Let

¢: Sap —R
S — ¢ (&),
if (Slérrbf (&) =De ¢ (&) # 0 for a given value of £, then d¢ (§), d¢ are infinitesimals

4.2.5. DIFFERENTIAL OPERATORS. In any function as

of the same order for that value of . From the reasoning in §§ 4.2.3, we can write
3¢ (&) =De ¢ (€) 0€ + (0€), where € (0€) is an infinitesimal of higher order that d¢&,
since lim @ =0.

5¢-0  0&

¢ Fap —R

& —9(§)
the product of the derivative of the function ¢ by the increment 0¢ of the indepen-

dent variable &, expressed as

(4.5) d(§) =De ¢ (£) 0¢

is known as the «principal part» of the increment d¢ (£) = D¢ ¢ (§) 0§ +¢ (6€), where
e (6€) is an infinitesimal of higher order than ¢¢, of the function ¢ and d¢ () is
called the «differential of the function ¢».

— DEFINITION 4.14. Let be a given function. Then,

¢ f(am —R
— ¢ (&)
defined on an interval ., gy c R by ¢ (&) = f where v € R. When £ changes from

— JLLUSTRATIVE EXAMPLE 4.15. Let be a function

& to & + 0 find an approximation for the change in ¢ (&).
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g o o€

G0 & (Grong Mt

SOLUTION. Since the relation d¢ (&) =

relation D¢ ¢ (&) = 61;2%(;—? (&) = —12 hold true, the exact increment is d¢ (&p) =
0
70§ L . v5¢ .
—-———+— and the principal part is D 0§ = ——=. By virtue of § =
G006 principal p ¢ @ (&) 8¢ g By ¢ (%)

D¢ ¢ (&) 06 + € (6E), it follows that
e(68) = 00 (&) - Deo (&) o€
B L) S (2 S (0
(fo+38)& &  (So+09)E
Thus, the principal part D¢ ¢ (§o) 06 = —75—525 represents the exact increment d¢ (&) =

0
70§

and the principal part is D¢ ¢ (&) 06 = —% with an error € (§§) =
0

(o 356@50

Y .
——=—— Note that lim ¢ (0§) =0 , as was to be expected.
G368 = () P

The differential d ¢ of the independent variable £ is the actual increment 0§ of
&, as shown in the following proposition.

— PROPOSITION 4.16. If £ be an independent variable defined on an interval
Ha,p), then the differential of § is equal to its increment:

(4.6) d¢=o¢

— PROOF. Let £ be an independent variable defined on an interval .#, g).

Suppose ¢ f(a’ﬁg : Ef(f) be a function defined on #, gy. If ¢ (£) = &, then
d§=d¢(€) =De¢ (&) 06 =1x6¢
Hence, d € = 6. The proof of the proposition is, therefore, complete. Q.E.D.

In virtue of the above proposition, it follows that the increment d¢ of the
independent variable & is to be given the same fixed value, which is otherwise
arbitrary and of course variable, for all of the several dependent functions ¢ (§),
Y (&), ... of £ which may be under consideration at the same time.

— DEFINITION 4.17 (Differential Operator). The operator
(4.7) d () (€) =De (1) (£)d¢
is called the «differential operator» with respect to the independent variable &.

— POSTULATE 4.18 ( Differential Operator). The differential operatord (-) (§) =
D¢ (+) (€) d¢ satisfies the following properties:
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— Apprrivity: d(-) (E+n)=d () (&) +d(-) (n)

— HoMOGENEITY: d(-) (k€) =kd(-) (€)
for any (r,&,m) e Rx F2 .

The differential d ¢ (§) of a function ¢ () is the differential coefficient D¢ ¢ (€)
of the function multiplied by the differential d £ of the independent variable £. The
definition follows.
¢: Hap —R

& —o(8)

— DEFINITION 4.19 (Differential). Let be a function

defined on #(, ). Then, the expression

(4.8) d¢ () =De ¢ (§)d¢
is called the «differential of ¢ () with respect to ».

— POSTULATE 4.20 (Differential). If & f(a’ﬂé : Ef(g)

tiable function defined on Z(, gy c R, then the derivative D¢ ¢ (§) may be regarded
as the ratio of the differential d ¢ (§) to the differential d&:

(4.9) De o (€) = j—‘g ©

be any differen-

An important geometrical and physical concepts are associated with the analytic
definition of the derivative of a function. These are discussed in the following
subsections.

4.2.6. GEOMETRIC DERIVATIVE. Let Grf (¢) = {(&, ¢ (€)): €€ Hap ) be the

graph of a continuous function : ¢ () with p(&,n) € Grf (¢) any
point on it, as in F1a. 1. Give £ an increment 0&, then g—?(f) = e+ 52 ~ ()

is the slope of the secant line Lg joining p(&,n) and g (& +0&,n+0n) € Grf (¢).
Let 0¢ approach zero, then, since ¢ (£) is a continuous function, dn = d¢ (§) ap-
proaches zero. That is, the point ¢ (£ + d§,n + dn) moves along the graph Grf (¢)

)
and approaches p (£,7) as a limit. Hence if 5—? (&) has a limit, it is the slope of the

limiting position of the secant line to Grf (¢). But, the following postulate holds
true.

— PoSTULATE 4.21. Let Grf (¢) = {(f,gb (f)) : L€ ﬁa75)} be the graph of the
¢: Hap —R

§ o (8) Then, the «tangent to Grf (¢)» at

curve of any function
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a point p(&1,m1) € Grf (@) is the limiting position of the secant joining p (&1,m1)
and another point q (&2,m2) € Grf (¢) on Grf (¢) as q(&2,12) approaches p(&1,m).

(Lr)
p(&n) q(§+ &, +0m)
(6+60) () \ (Ls)
G 5e 100
3 Girf (¢)
@) I3 £+0&

— FIGURE 1. Nlustration of the Geometric Derivative.

)
Therefore, 61511% 5—? (&) is the slope of the tangent line L7 to the graph Grf (¢)

of the function ¢ (£) at the point p (&1,71). But, the following postulate holds true.
Thus, we can postulate the following statement.

— POSTULATE 4.22. Let Grf (¢) = {(f,qﬁ(g)) i Le ﬂ(aﬁ)} be the graph of
the curve of any function ¢: f(a’ﬁé :]}j(f) . Then, the numerical value of
the derivative D¢ ¢ (¢) for any given value § € S a5y assigned to the variable is
the slope of the tangent line Ly at the point on the graph Grf (¢) of ¢ (§) whose
abscissa is &.

4.2.7. PHYSICAL DERIVATIVE. Let two physical quantities be connected by a
functional relation. Calling them v, 7 and letting v be a continuous function of
7 defined by some functional ¢ we have, v = ¢ (7). Then any change 07 in the
variable 7 produces a corresponding change dv = d¢ (7) in the variable v. The
postulate follows.

; 90 Jap —R

be a continuous func-
T —p(T)=v

— POSTULATE 4.23. Le

) )
tional connecting two physical quantities v, 7. Then, the ratio 6—U (1) = 5£ (1) of
T T
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the increments 6v (1), 07 is the «average rate of change of v = (7) with respect
to T in the interval I+ ri57) € F(a,p)

Now if we let d7 approach zero, then dv (1) approaches the limit zero, since

v = (1) is assumed to be a continuous function of 7 on £, ). Hence, if the
4] o
ratio 5_1} (1) = 5£ (7) has a limit, it is defined to be the rate of change of v = (7)
T T

with respect to 7 at the beginning of the interval .#(; ;.5:) € #(q,). The postulate
follows.
t 90 : j(a“B) - R

be a continuous func-
T —o(T)=v

— POSTULATE 4.24. Le

)
tional connecting two physical quantities v, T. Then, the limit D, v (1) = (slirr%] —5U (1)
T—> T

is the «exact rate of change of the function v = ¢ (1) with respect to T in the interval
Iz rv61) € Fa,p)» and is measured in units of v per unit 7.

An illustration of the such physical derivative is presented in F1G. 2, in which

ov
5 (1) represents the average rate of change of v = ¢ (7) with respect to T while
-

D,v(r)= 61711;110 % (1) represents the ezact rate of change of the function v = ¢ (7)

with respect to 7.

D, v (7) q(T+0T,v+0V)

(1 +62) () Grt ()
p(rv
\ ov 7) g
() 0T
vAT) 0T
0O T T+0T

— FIGURE 2. Illustration of the Physical Derivative, average and
exact rate of change.

Thus, the distance £ (7), in meters [m], of a moving object is a function of the
time 7, in seconds [s]. An increment of time 67 changes the distance by ¢ (7).



46 THE DIFFERENTIAL OPERATORS d(-), D¢ (-) AND THE PRINCIPLES OF DIFFERENTIATION

)
Then, vay (T7) = 5—§ (1) is the average rate of change of ¢ with respect to 7 in
T
some interval F(; ;157) € H(q,p). This quantity vaye (7) we call the average velocity
during the interval .#(, ;,s,) and is measured in meters per second, [m-s‘l]. The
0
value of v (1) =D, & (7) = (slirr%) 5—5 () for any given 7 € .#, g) is the ezact velocity
T—> T

at that instant in meters per second, [m-s‘l].

4.2.8. ANTIDERIVATIVES. In certain kinds of problems it is required to find all
functions whose derivatives is some specific function.

S, ¢ SFnp —R

§ —2(8), 2(8)
defined on the same interval .#, gy of the {-axis, and that D¢ ® (§) = ¢ (§). Then
® (&) is called an «antiderivativey» of ¢ (&).

— DEFINITION 4.25 (Antiderivative). If are

Finding an antiderivative of a given function is called antidifferentiation, be-
cause it is the inverse of differentiation. Some functions do not have antiderivatives,
for there are functions which cannot be obtained by differentiating other functions.
Antiderivatives are not unique, that is, if a functions has one antiderivative, it
actually has many antiderivatives, in fact, infinitely many. For if ® () is an anti-
derivative of ¢ (£), so is ® (§) + k, where k € R is any constant. This is because the
derivative of the constant is zero, and Dg(qé &)+ /4) =D @ ({)+Der =D @ (). It
is an important fact that all the antiderivatives of a given function can be obtained
from a single one of the antiderivatives by adding constants to it.

D j(a,,B) — R
§ — 2 (8)

then the expression ® (&)+k, where k € R is an arbitrary

— THEOREM 4.26. If is any particular antiderivative

¢ Iy —R
of £ —0(6),

constant, represents all possible antiderivatives of ¢ (€).

e, U Aoy —R

— PROOF. Let ¢ s (6), T(C) be any particular an-
tiderivatives of ¢ j(o"ﬁg : ]}j(@ on Hqp). Set Z(§) = (& - V) (§). Then,
E(€+h)-2() _2(E+h)-2(§) V(E+h)-T ()
h B h h

So, taking the limits as h — 0, it results that D Z (&) = D¢ (® - W) (§) = 0. Hence,
=(§) = Kk, where k € R is some constant. But ®(£) = (V+EZ)(£), so ®(&) =
U (€) + K, as asserted. The proof of the theorem is, therefore, complete.  Q.E.D.
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Fp —R
£ — (&)

©) the expression ® (§)+k, where

— POSTULATE 4.27 (General Antiderivative). If (I) be a

¢ Fap —R

particular antiderivative of £

k € R is an arbitrary constant, is called the «general antiderivativey of ¢ (&).

¢: Hap —R

& —o(8)
defined on an interval £, gy ¢ R by ¢(£) = af? + B + v, where (o, 3,7) € R3.
Determine the antiderivative of ¢ with respect to &.

— ILLUSTRATIVE EXAMPLE 4.28. Let be a function

B

SOLUTION. Since Dg(%fg + 552 +7§+/{) = ¢ (£), where k € R is some constant,

o (€)= %53 + §£2 + 7€ + K is, therefore, the general antiderivative of ¢ with respect
to €.

— § 4.3. THE PRINCIPLES OF DIFFERENTIATION

The method of establishing the derivative and differential of a function by
means of the differential operators d (), D¢ (-), respectively, is perfectly general
and can be applied to all differentiable functions. However, by establishing the
derivative and differential of a special type of function, by the differential operators
d(+), De¢(+), respectively, we obtain a formula which, when memorized, may be
used to write down the derivative of any function belonging to that type. Thus, a
thorough knowledge of the formulas derived in the following section is essential.

¢: Hap —R :
— THEOREM 4.29. [ ’ be a constant function, where
J £ o(&)=r /
k € R is any arbitrary constant, then the derivative of ¢ with respect to & is zero:
(4.10) Deg(§) =0
— PROOF. Let 0 Jap —R be a constant function, where
§ — o=k

k € R is any arbitrary constant. Then, (¢ +d¢) (§) = k, and d¢ (£) = 0, whence
D=0 g 10 g (6) - g ?EI2O o g pge) -0

The proof of the theorem is, therefore, complete. Q.E.D.

The above theorem is evident if we consider the graph Grf (¢) = {(a:, qﬁ(x)) :

(V{' € ﬂ(aﬁ))[qb (z) = l{]}, where k € R is some constant, which is a straight line
parallel to the &-axis. For any points (z, k), (x + §§, k) € Grf (¢), the rate of change
of ¢ with respect to £ is zero. In other words, the slope of Grf (¢) is always zero.



48 THE DIFFERENTIAL OPERATORS d(:), D¢ (-) AND THE PRINCIPLES OF DIFFERENTIATION

¢ Fap —R
§ —d(§)=r

where k € R is any arbitrary constant, then the differential of ¢ with respect to & is
zero:

(4.11) d¢(§)=0

¢: Hap —R
§ — o
the derivative of ¢ with respect to € is 1:

(4.12) Deg(§) =1

— COROLLARY 4.30. If be a constant function,

— THEOREM 4.31. If &)=¢ be an identity function, then

¢ Fap —R
§ — o (&

— PROOF. Let )= ¢ be an identity function. Then,

(p+00) (&) = £+, and d¢ (€) = 5, whence 0(E+h) =6 (&) =1 and D¢ (&) =
h
}11_1:% A h}i 0 = 1. Thus, D¢ ¢ (§) = 1. The proof of the theorem is, therefore,
complete. Q.E.D.
— COROLLARY 4.32. If 0 j(“’ﬁé :f(@ o be an identity function,
then the differential of ¢ with respect to d&:
(4.13) d¢ () =d¢

(k0): Hap —R

§ — (ko) (§) =¢
function, where k € R is any arbitrary constant, then the derivative of the constant k
times the function ¢ with respect to & is equal to the constant k times the derivative
of the function ¢:

— THEOREM 4.33. If be any differentiable

(4.14) D¢ (k9) (§) = s D¢ 9 (£)
— PROOF. Let (k) : j(a”gg : I(Rms) () =¢ be any function that is

differentiable function, where x € R is any arbitrary constant. Then, an increment
0¢ will change (k¢) to ((/w) + (5(/-@)) (&) = k(p+50) (). Then, § (ko) (&) =
k66 (), whence (ko) (€+ h])l ~(k9) () _ o€+ h})l -0 (8) and,

d(E+h)-¢ (&) :mx(lin1¢(€+h)_¢(§)):KDf(b(g)

D¢ (1) (€) = lim h lim h

Hence, D¢ (k¢) (§) = KDg ¢ (£). The proof of the theorem is, therefore, complete.
Q.E.D.
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S — R

— COROLLARY 4.34. [ () ) be any differentiable
/ £ — (xp) () =¢ "W
function, where k € R is any arbitrary constant, then the differential of the constant

Kk times the function ¢ with respect to & is equal to the constant k times the
differential of the function ¢:

(4.15) d(r9) (€) = rd o (£)
o, Y J(a,/o’g : §(§)7 () be any two differen-

tiable functions, then the derivative of the algebraic sum or difference of the func-
tions ¢, 1 is the corresponding sum or difference of the derivatives of the functions

¢, :

— THEOREM 4.35. If

(4.16) De (¢ x 1) (§) =De ¢ (£) = De v (€)
— PROOF. Suppose K j(aﬁé : i%(f), () be any two differ-

entiable functions. Then, an increment 0§ will change (¢ + ) (§) to ((gbiz/;) +
3 (¢+ 1)) (€). Consequently, § (¢ £1) (§) = 8¢ (§) + 3¢ (€), whence

(0£¢) (€+h)~(@x9) (&) _o(€+h) (&) , v(€+h) -4 (E)

h B h
and,
De (6 0)(€) - ggé(gb(f*h]z““f) . @f’(“hg-wé))
L G0 B (e -(©)
h=0 h h=0 h

= Ded(§) +Dev (§)
Hence, D¢ (¢ £v) (§) = De ¢ (§) £ D¢ b (€). The proof of the theorem is, therefore,
complete. Q.5

— COROLLARY 4.36. If P f(a,gg :5(5) (&) be any two differ-

entiable functions, then the differential of the algebraic sum or difference of the
functions ¢, ¥ is the corresponding sum or difference of the differentials of the

functions ¢, :
(4.17) d(¢=v) (&) =de (&) xdv (€)

o, v HFap —R "
§ — o), w(e) "
ferentiable functions on F . gy. If De ¢ (&) = Dep (§), then ¢, b can only differ by

an additive constant k € R.

— PROPOSITION 4.37. Let
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¢7 ¢: Lﬁ(oz,ﬂ) — R
§ —o(8), ¥ ()
functions on € #, gy such that D¢ ¢ (§) = De) (§). Set @ (£) = (¢ - ¢) (£). Then,

by hypothesis, D¢ ® (€) = D¢ (¢ = ¢) (€§) = De 9 (§)-De ¢ (€) = 0. That is, D¢ @ (€) =
0 for all £ € A, g). Hence, ® (£) = x, where s € R. The proof of the proposition is,

— PROOF. Let be any two differentiable

therefore, complete. Q.E.D.
— THEOREM 4.38. If ¢: j(a’ﬁg :]}j(ﬁ) be any differentiable function
and n € Z% be any positive integer, then:
(4.18) De(¢") (€) = o™ (€) De ¢ (€)
— PROOF. Let ¢: ﬂ(a’ﬁg : 5 ©) be any differentiable function and

n € Z% be any positive integer. Then, an increment 0§ will change ¢" to ((;5" +
(5¢") (¢). Expanding by the Binomial theorem, it follows that

(67 +06") (©) = (&) + o (@0 €) « "2 ) (50 (6))’

+ e+ (00(9)
Consequently,

5¢” n(n 1)

£O = e ©F O e O 5 (O

(5¢ n—1
=2 () (00 (6))
§
Taking the limit of both sides as d§ - 0 and keeping in mind that 51211%) o (&) =
since (/5 is a continuous function of ¢, and that D¢ ¢ (£) exists, then Dg(qﬁ") &) =

;gngg(@ n6" (€) Ded (€). Thus, De(¢") (€) = n6™ " () De s (€). The proof

of the theorem is, therefore, complete. Q.E.D.

— COROLLARY 4.39. If o1 Hop) 5 : ]}j(f) be any differentiable function

and n € Z% be any positive integer, then:

(4.19) d(¢") (&) =ne" " (£)d o (€)
— PRrRoPOSITION 4.40. If ¢: j(a”gg : §(£) be any differentiable function

and n € Z* be any negative integer, then:

(4.20) De(¢") (€) = ng™ ™ (€) De ¢ (€)
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¢: Hap —R

& —9(9)
n € Z* be any negative integer. Set n = —m € Z*. Then, ¢" (§) = ¢~™ (§), implying
(o™ x ¢™) (§) = 1. Since (¢™ x ¢™) (§) is a constant, its derivative with respect to
& must be zero,

— PROOF. Let be any differentiable function and

@™ () De (¢) (€) +¢" (€) D¢ (™) (£)
@™ (§) De (6") (§) +me™ ™ (§) De d (€) 6" (€) =0

D¢ (9™ x ¢") (€)

Then

@00
¢ (€)
e ©xem©

—m¢™""! () De ¢ (€) =ne" ™" (£) De 6 (€)

De (¢") (§) = De ¢ (€)

Hence, D¢ (¢™) (€) = ng™t (€) D¢ ¢ (€) for any negative integer n € Z*. The proof
of the proposition is, therefore, complete. Q.E.D.

s —R
§ — (&)

and n € Z* be any negative integer, then:

— COROLLARY 4.41. If 01 S, be any differentiable function

(4.21) d(¢") (€) = ne" ' (§)d o (€)

¢: Fap —R
§ — (¢

— PROPOSITION 4.42. If ) be any differentiable function

and g € Q be any fractional, then:

(4.22) De(¢7) (€) = a¢*" (€) De b ()

¢: Hap —R
& —o(8)
q € Q be any fractional. Set ¢ = E, where (m,n) € Z x Z*. Then, ¢¢(&) = ¢™/" (£),

n
implying (gbq)n (&) = ¢™(&). Since (gbq)n (&) and ¢™ (€) are equal functions of
&, their derivatives with respect to & must be equal. Therefore, D§(¢q)n (&) =

— PROOF. Let be any differentiable function and
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De ¢ (€) or n(¢7)" " (€) De(67) (€) = md™1 (€) De & (€). Consequently,
m™1(€) De ¢ (€)
n(¢7)" ()
_m_ e
n(gmin)" ()
m o ¢mL(€)
= ngW(ﬁ)

- %(¢m—1 x ¢ D) () De ¢ ()
- %¢<m—n>/n (&) De ¢ (€) = q¢" " (§) De ¢ (€)

Thus, Dg(gbq) (&) = qp71 (§) De ¢ (€) for any fractional g € Q. The proof of the
proposition is, therefore, complete. Q.E.D.

De(¢7) (€) =

— COROLLARY 4.43. If ¢: f(a,gg : ]}j(f) be any differentiable function

and q € Q be any fractional, then:

(4.23) d(67) (€) = 9" (§)d e ()

— COROLLARY 4.44. If ¢ j(a’ﬁg :]5(5) be a function defined on an

interval Fq 5 c R by ¢ (§) = &9, where q € Q is any fractional, then:
L Dep (&) =De(¢) ="~ d¢(§)=d(g7) =q¢ 1 dg

If 2R f(a’ﬂ% :]}j(f), () be any two differen-

tiable functions, then the derivative of the product of the functions ¢, v is the
function ¢ times the derivative of the function 1 plus the function v times the
derivative of the function ¢:

(4.24) De (¢ 4) (€) = & (£) De o (§) + ¢ () De ¢ (€)

¢, P j(a,ﬁg : f({), W (©) be any two differ-

— THEOREM 4.45.

— PROOF. Suppose

entiable functions. Then,

((px ) +8(dx 1)) (€)

(¢ +09) (&) x (¢ +5¢) ()
((p+30) x (¥ +9)) (£)
(¢ x0¢) (&) + (¥ x 6¢) (§) + (6¢ x 6¢) (§)
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Consequently,
U () = (6+00)(©) x (6+00) (€
) ) 0P x 0

- (0x5)©+(0x ) @+ () ©

Then,
(o x
De(ox0)(©) = Jim "5 (9
. oy . Y] . (0O XY
= Jim (0 Ge) (O Jim (v Ge) (O + Jim (F5) ©)

The term }éi%(&b;;w) (£) may be written either (51%1—2) 0 ({)) X (}gI_I}O (2—? (5)), or

(61%%(;_? (5)) x (ggﬂ) 5 (5)), either of which is zero since, D¢ ¢ (€), D¢t (€) exist

and }ér&] 0o (&) = §§£% 0 (&) = 0. Therefore,

De(ox0)(©) = (€)= fimy 5]+ () (1 )

= ¢(§)Detp (§) +1 (§) De p (€)

Hence, D¢ (¢ x 1) (§) = ¢ (§) De b (&) + ¢ (§) De ¢ (§). The proof of the theorem is,
therefore, complete. Q.E.D.

— COROLLARY 4.46. If % Y- Cﬂ(o"ﬁg :]}j(f) b () be any two differ-

entiable functions, then the differential of the product of the functions ¢, ¥ is the
function ¢ times the differential of the function v plus the function 1 times the
differential of the function ¢:

(4.25) d(gx1p) (&) = (&) de (&) +1 (§)d e (§)

¢, ¥ Sap —R be

& —0(8), v(&)
two functions defined on an interval #,3 c R by ¢(§) = 1€ + 72 and ¢ (§) =
~v3€ + 74, respectively, where (a, ) € R? and (71, ...,74) € R**. Find the derivative
and the differential of the product function (¢ x ¥) (§) with respect to &.

— JLLUSTRATIVE EXAMPLE 4.47. Let

SOLUTION. Since
{Dg¢(€) = D¢ (m€+12) =m {d¢(£) =d(né+n) =ndé
Detp (§) = De (va€ + 1) =3 dip (&) =d (38 +74) =73dE
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then
D¢ (¢ x 1) (€)

¢ (&) De v (§) + ¥ (§) De ¢ (€)
(715 + 72)73 + (735 + 74)71 = (2m173) £+ (1174 + 1273)

and

d(ox)(§) ¢ (&)dy (§)dE+y (&) de(§)dE
= (m&+)rsdE+ (1€ + )1 dE
(27173) EAE+ (1170 +7273) A€

The derivative and the differential of the product function (¢ x ¢) (§) with respect
to & are, therefore,

{Ds (o x ) (€) = (2m173) €+ (72 +7273)
d(px) (&) = (2ny3) EAE+ (17 +7273) A€

respectively.

The above theorem and corollary can be extended to any number of factors,
and we shall have the following two corollaries.

Hap) — R

€ —b1(8). .. bule) MY
n > 1 differentiable functions, then the derivative of the product of the n functions
o1, ..., Op divided by the product is equal to the sum of the terms obtained by
dividing the derivative of each of function by the function itself:

— COROLLARY 4.48. If P1, ooy P

De (erl* ¢k) D¢ ¢x

4. —_— = =
(4.26) ( e yak;(m)@)
— COROLLARY 4.49. If o1, s Ont Hap —R

b
g '—)¢1(§)77¢n(§) cany
n > 1 differentiable functions, then the differential of the product of the n functions

o1, ..., ¢Op divided by the product is equal to the sum of the terms obtained by
dividing the differential of each of function by the function itself:

d kel Pk k
(4.27) (%) (&) = kZI (%) €3]

— THREOREM 4.50. If ¢, P j(a,ﬁg :15(5) (€) be any two differen-

tiable functions such that ¥ (§) # 0 for each & € Fap), then the derivative of the
quotient of the functions ¢, 1 is the denominator v times the derivative of the
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numerator ¢ minus the numerator ¢ times the derivative of the denominator 1 all
divided by the square of the denominator function 1:

¢ V() Ded (&) = (&) Derp (£)
(4.28) De (E) (©) = o)

¢, Y Fap —R
& —0(&), v(§)
functions such that ¢ (£) # 0 for each £ € .7, 3). Proceed in the usual way to assign

an increment 6¢ to €. Then,

(9+5(§))(£): (¢+0) (€)

— PROOF. Let be any two differentiable

(0 (¥ +d9) (&)
Consequently,
[ _(p+d9) (&) (o _ P (§) x 69 (§) o (§) x 0¥ (§)
s(Fo-thne oS aanie
Then,
3% o

) 5
TS A 72 WY (TR Y 73

Taking the limit of both sides as §¢ - 0 and remembering that D¢ ¢ (£), De v (€)
exist, and that (slgh% 9 (&) =0, it follows that

Dg (%) (€) = lm 5(??#) ()

| w(ﬁ)x‘;—f(@—qb(s)xf;—‘g(é)
L IR DI

0©(1m32©) -0 (15 ©)

6©x(v(©+ Jmav o)
$(O)Deo (6) -6 (€) De v (0

(v(©)°

¢ ¥ (§) Dep (§) — ¢ (§) De v (€)
Hence, D¢ | =] (&) = 5
(5) (v (©)

therefore, complete. Q.E.D.

. The proof of the theorem is,
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- ¢ ¥ Sy —R

COROLLARY 4.51. If ¢ b (), B (0)
entiable functions such that ¥ (§) # 0 for each & € F(q ), then the differential of
the quotient of the functions ¢, ¢ is the denominator v times the differential of
the numerator ¢ minus the numerator ¢ times the differential of the denominator
Y all divided by the square of the denominator function :

be any two differ-

(4.20) d(%) () - w(g)d(ﬂ(i(—;)gg)dw (©)
— ILLUSTRATIVE EXAMPLE 4.52. Let 9 s j(a’ﬂé :§(£)7 b (€) be

two functions defined on an interval #, 3 c R by ¢ (&) = 11&2 + 7, and ¢ (&) =
~v3€2 + 74, respectively, where (o, 8) € R? and (71, ...,74) € R**. Find the derivative

and the differential of the quotient function (%) (&) with respect to &.

SOLUTION. Since

{D§¢(f) = D¢ (&% +72) = 27& {d¢(§) =d (&% +72) =27&dE
De ) (§) = De (7362 + 7a) = 273 dep (§) = d (7362 +74) = 293€ d €

then
D - D
Dg(%)(g) _ v 5¢((§/})(§;b)(2£) ¥ (§)
(98 + 1) 2318) - (1€ +72) (2456)
(73524'74)2
_ 2 (7171 = 7273) €
(7352“‘74)2
and

P () de(§) -0 (E)dy (€)
(¥ (©)
(7382 + 1) (2m1€dE) — (NE% +12) (23€ dE)
(’7352 +’Y4)2
2 (7174 - 72732)5 de
(’7352 +’Y4)

I

)©

<o
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The derivative and the differential of the quotient function (%) (&) with respect

to & are, therefore,

2 (s —7273) € 2 (7 —7273) €
D (€)= 5 (€)= d¢
( ) (V3§2+74) (1/’) (7352+74)

respectively.

¢a ¢‘ j(a,ﬁ) — R

§ —0(8), v(§)
entiable functions such that v (§) # 0 for each § € H o p), and let k € R is any

arbitrary constant. Then:

— COROLLARY 4.53. Let be any two differ-

L V€St 0(O)=h = De(7)(© = Dev (©)

¥ (€))

<[

—IL Vée Fupy: V() =Kk = Dg( )(5)——[)5?25(5)

— COROLLARY 4.54. Let P ‘ﬁ("ﬁ% :]}j(ﬁ), b (€) be any two differ-

entiable functions such that 1 (&) # 0 for each & € Hap)y, and let k € R is any
arbitrary constant. Then:

1S 0O - — d(2)(©)--

<

(v <5>)

1
1 VEE Sy 9O =k — 4(F)© = 160
— THEOREM 4.55. If 01 Hap) f :5(5) be a differentiable function on
Hap) € R and v j(¢(a)’¢(ﬂ)7; : H?j(n) be a differentiable function on I s(a).4(8)),

O¢Z j(a,/ﬁ) —)R

thenw £ s ihod

©) is a differentiable function on j(a’g).'

(4.30) De (40 9) (€) = Dy ¢ (1) De ¢ (€)
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¢ Fap —R
§ — 0 ()

be differentiable on .#(4(a).s(s)). Then,

— PROOF. Let be differentiable on .#, 3) ¢ R and

Vi Hs)ep) — R
n — v (n)

De(00)(€) = lim L2OE+R) = (Wed) ()

h—0 h

o, P m) -0 (9)
h—0 h

= Y0 (© £ (©)) ~e(n(©)  n(E+h) —n(©)
h=0 n(§+h)=n(¢) h

_ (hmw)x(hmn(&h%n(é)
h-0  on(§) h=0 h

Hence, D¢ (¢ 0 ¢) (&) = D, (n) De ¢ (€), and ¢ o ¢ (&) is a differentiable function
on #(4py. The proof of the theorem is, therefore, complete. Q.E.D.

let

)=Dn¢(?7)D§¢(E)

— COROLLARY 4.56. If the differential of ¢: Hap —R

£ —o(y MR

: , , Vi Fpe@) —R
exists and the differential o '
o / n > (n)

5 —R
§ —1hog(¢

(4.31) A0 ) (€) = % () dé (€)

on Hg(a),6(5)) CTISLS,

then the differential of Ved: Ha, on S a.p) exists:
) (,8)

¢ Jap —R
§ —0(§)

. — R
defined on ., 45 c R b = 71&% + 7o, and let v (¢(),¢(8))
(e8) y ¢ (&) = m&* + 7 ) ()

be another function defined on F4(ay.6(5)) by ¥ (n) = /1, where («,3) € R? and
(71,72) € R*2. Find the derivative and the differential of the composite function

(¢ o ¢) (§) with respect to &.

— JLLUSTRATIVE EXAMPLE 4.57. Let be a function

SOLUTION. Clearly, 1 = ¢ (§) = 11&2% + 72, implying ¢ (n) = /11 = /& + 72 =
(o) (). Since

De ¢ (€) = De(11€2 +72) = 21€ de (&) =d(m&? +92) =2 d¢
1 1
an(n)=Dn(ﬁ))=—2ﬁ dw(n)=d(\/"77)=—2ﬂd?7
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then
De (o) (§) = Dy (n)Deo(§)
_ L €)= 7€
N (2m1¢) NI,
and
1We0)(©) = T mao
= din(\/ﬁ)Xd(%ﬁQJf%)

- o x (medg) = =28
n

\/_ \/ 7’71&62 + 72

The derivative and the differential of the composite function (¢ o @) (§) with re-
spect to & are, therefore,

Ds(de))(&):\/% d(wow(s):ﬁc@
71 Y1

d¢

respectively.

Let us now prove a theorem that permits finding the derivative of a function
n = ¢ (&) with respect to £ if we know the derivative of the inverse functions
€ = ¢~ (n) with respect to 7.

¢ Jap —R

— THEOREM 4.58. If for the function on Fap cR

& —9(9)
there exists an inverse function v o@oen Mo which at the point
n — @)

under consideration 1 € S 4(a),6(8)) € R has a nonzero derivative, D, ¢ (1) #0, then
at the corresponding point & € S gy the function ¢ (&) has a derivative D¢ ¢ (§)

equal to —————:
Dy ¢ (n)

(4.32) De 6 () - m

¢: Hap — R

§ —o(8)

v Jo@ee) — Hap
n — @)
consideration 7 € F4a)s(8) € R has a nonzero derivative, D, ¢ (1) # 0. Set

— PROOF. Let for the function on &) c R there

exists an inverse function which at the point under



70 THE DIFFERENTIAL OPERATORS d(-), D¢ (-) AND THE PRINCIPLES OF DIFFERENTIATION

n=0¢(£) and £ = ¢ (n). Then, differentiating, with respect to &, both sides of the
equation 7 = ¢ (&) gives

1=D¢&=Dep(n) =Dy (n)Den(€) =Dy (n) De g (§)

Thus, De(€) = ——

————.  The proof of the theorem is, therefore, complete.
D, ¢ (n)

Q.E.D.

Thus, the derivative of one of two reciprocal functions ¢ (£), ¢ (n) is equal to
unity divided by the derivative of the second function for corresponding values of
& and 7.

¢ Jap —R
— COROLLARY 4.59. If for the function ’ on Zi.p CR
T [ J £ — $(&) (a.8)
P Ao@e@) — Hap)
n — e (n)
under consideration 1 € Z(4(a),6(8)) € R has a nonzero differential, dy (n) # 0, then
at the corresponding point & € F . gy the function ¢ (§) has a differential d ¢ (&)

there exists an inverse function which at the point

equal to #
! de(n)
(433) a6 (€) - —

Dy ¢ (n)
— § 4.4. CONCLUDING REMARKS

In Lesson Ne 4, the definition and the basic properties of the differential oper-
ators d (-), De¢ () were introduced, followed by a presentation of the principles of
differentiation. In Lesson Ne 5, which immediately follows, we shall examined some
fundamental techniques of obtaining the differential coefficients of various impor-
tant non-elementary functions, and the presentation of Lesson Ne 4 ends here.
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— § 4.5. SELECTED PROBLEMS

The following problems form an integral part of ASSIGNMENT 2.1. on the
differential operators d (-), D¢ (-) and the principles of differentiation. Many of
these problems are routine in nature. Others are more demanding. A few provide
examples that are considered challenging, interesting, and instructive.

— LEARNING OUTCOMES. After doing ASSIGNMENT 2.1, the student will be
able to:

— 1. understand how ... Differential Operators d(-), D¢ (-) and the Prin-
ciples of Differentiation,

— 11. perform ... Differential Operators d (-), D¢ (-) and the Principles of
Differentiation,

— 1I. explain ... Differential Operators d (-), D¢ (-) and the Principles of
Differentiation,

— 1v. use ... Differential Operators d(-), D¢ (-) and the Principles of
Differentiation

— PROBLEM 4.1 (Differentiation). For each k € I, find the average rate of
Change% (§) and exact rate of change %ir% % (&) of the function ¢ (§) defined

as follows:

CLG(©)=26 1. gy(6) =€
—m.¢aa=§ . Gu(€) = E

— PROBLEM 4.2 (Differentiation). For each k € I}, find the average rate of

change% (¢) and exact rate of change lgir% % (&) of the function ¢y (&) defined

as follows:
L gy (6)=3¢-&2 S 92 (§)=4-26-¢
~ 1II ¢3(§):%—2§—§2 —1V. ¢4(§):§§—1
SRAGEET Vi 6e(6) =27
SVIL ¢r(€) = 2 — VIIL.  ¢g(§) = ht

§-3 §
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— PROBLEM 4.3 (Differentiation). For each k e I}, differentiate the function
or (&) with respect to its variable &, defined as follows:

2

LG (€)=36+€? _— ¢2(£):4+§5g
_ ¢4

— III. ¢3(§)=—§ — 1V. gz54(§)=465
_ 3 2
vm©O-F5 v g

— PROBLEM 4.4 (Differentiation). For each k € I}, differentiate the function
o1 (&) with respect to its variable £, defined as follows:

L (@)= E-VE I () =EVE
S 6 (©--% S 6u(©) = VB
— PROBLEM 4.5 (Differentiation). For each k € I}, differentiate the function
o1 (&) with respect to its variable £, defined as follows:

3 ¢

L ¢1<£):3§3—§+§ — L ¢p (€)= (36-1)°(£-1)°
S gy (&) = (P4 4) (4-6)° v ¢4<§)=(§;§2)

— PROBLEM 4.6 (Differentiation). For each k € I, differentiate the function
or (&) with respect to its variable &, defined as follows:

1 (€)= 1HE4 /1€ S g (€)= (¢4 +8)P o (s-e)

T (¢-2)'

—nnL ¢7(§)=(E+1)VvE-1 — V. ¢8(£)=€2—+2
¢ 3 52 1/4

— V. ¢9(f)=1_—1_§2 — VL ¢10(§):(3+5§2)

— PROBLEM 4.7 (Differentiation). For each k € I}, differentiate the function
or (&) with respect to its variable &, defined as follows:

RO OVITE e h©= e
1-VE ) V1 e+/1-8
e Iv. ¢4(§)-\/1+€2_\/1_52

- L ¢3(8) =
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— PROBLEM 4.8 (Differentiation). For each k € I}, differentiate the inverse of
the function ¢y () with respect to £, defined as follows:

L ¢1@):§§i; ~ 1L ¢2@):(7—M§+3f+4

8¢ -3

SHL ge(§) =gt v 61(6) =\/(3+7)" -9

— PROBLEM 4.9 (Differentiation). For each k € I, differentiate the inverse of
the function ¢y (£) with respect to £, defined as follows:

— L ¢ ()= —IL 2 (§) =
— 1. ¢3(&) = — IV, @4 (§) =

— PROBLEM 4.10 (Differentiation). For each k € I}, differentiate the inverse
of the function ¢ (£) with respect to &, defined as follows:

— L ¢y ()= — 1L ¢y (€)=
— 1. ¢3(&) = — V. ¢u(§) =
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